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1 Introduction 

While the renowned inequality of Holder [1] is well celebrated for its beauty and its wide 
range of important applications to real and complex analysis, functional analysis, as well as 
many disciplines in applied mathematics. The purpose of this work is to establish some gen- 
eralizations of Holder inequality on local fractional calculus and other inequality based on it. 
Fractal calculus (also called local fractional calculus) has played an important role in not only 
mathematics but also in physics and engineers [2-15]. Local fractional derivative [6-8] were 
written in the form 

= ^^|„,, = "-'gtr" for < » < 1, 

where 

A°(/(x) - f{xo)) = r(l + a)A(/(x) - /(xo)). 
Local fractional integral of f{x) [6-7,9] was written in the form 

jl^^f{x) = — / f{t){dt)^ = — lim y /(t,)(At,)", 

""b J\! T{l + a)Ja r(l + a) At^o ^ ^ ^' ' 

with Atj = tj+i — tj and At = max{Ati, At2, • • • , At^, . . .}, where for j = 1, 2, . . . , — Hq = a 
and ti\f = b, [tj,tj^i] is a partition of the interval [a,b]. Aims of this paper are to study the 
some new generalizations of Holder's inequality and some results based on them. 
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2 Some generalizations of Holder inequality 

In the section, we give some generalizations of Holder inequality. In order to prove our 
results, we first review the Holder inequality [15]: 

Theorem 2.1 .[15] Let f{x), g{x) > 0, p > 1, ^ + ^ = 1 , then 

f(T^ /' (^)« < /' i/(x)r (^)°) [ i,(x)i« (a.r) : 

(2.1) 

equalities holding if and only if f{x) = \g{x), where X is a constant. 
Based on Theorem 2.1, we have the following important result. 
Theorem 2.2 Let f{x), g{x) >0, 0<j3<l, | + i = l, then 



(2.2) 



r(i 

equalities holding if and only if f{x) = Xg{x), where X is a constant. 

Proof. Set c = 1/p, then we have q = —pd, d = c/{c— 1). By (2.1), we obtain 

— ^ /' \f{x)f {dxT = ^.TT^ r \f{x)g{x)\^ \g{x)r {dxT 
In (2.3), multiplying both sides by (fp^ JI \9{x)\'^ {dx^Y yields 

^/Vwr(<ix)" (^^'|,(.)|.(<fa).)'"' < (_L_^V(xte(x)i(dxr)'. 

(2.4) 

Using (2.4) implies that 

^ [ i/(x),(x)i (.x)« > ^' i/(x)r (dx)«) i,(x)r (dx)") 

By Theorem 2.1 and Theorem 2.2, we give the following result. 

m 

Corollary 2.1 Let fj{x) > 0, pj € R , j = 1,2, ... m, Yl ^/Pj = 1- 
(1) for Pj > 1, we have 

njmiid^rsUil f(rT^i/,(x)r«ix)")V«. (2.5) 



(2) for < pi < 1, pj < 0, j = 2, . . . m,we have 

fjTTTo L jn > n (/ f(rTT5 i^'^'i" ■ 

Proof. (l)We use induction on m. When m = 2, we are given pi, P2 > with 1/pi + l/p2 = 1- 
In particular, we have pi, P2 > 1 and so (2.5) is reduced to the Hoder's inequahty (2.1). Now 
suppose (2.5) holds for some integer m > 2. We claim that it also holds for m + 1. So let 

m+l 

Pi,P2, ■ ■ ■ iPm+1 > be real numbers with ^ 1/pj = 1 and let fj{x) > 0, j = 1,2, . . . m,m + l. 
Note that, as above, we must have pi > 1 foi j = 1,2, ... m,m + 1. In particular, we have 

pi > 0,pi/(pi - 1) > 0, + {pi - l)/pi = 1. (2.7) 



Thus by the Hoder's inequality (2.1), 




Next, since 

Pjipi ~ ^)/Pi > ^j^oY j = 2, . . . m,m + 1. (2-9) 

m+l m+l 

J2 Pi/pM - 1) = PiiPi - 1) E = Pi(Pi - - l/Pi) = 1- (2-10) 

j=2 j=2 

by induction hypothesis and (2.8), we arrive at 




(2.11) 



Hence, we arrive at the result. 

(2) Similar to the proof of (2.5), we use induction on m. Clearly when m = 2, equation 
(2.6) reduces to the Holder's inequality (2.2). Now suppose that (2.6) holds for some integer 
m > 2. We claim that it also holds for m + 1. So let 
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m+1 

Pi,P2, ■ ■ ■ ,Pm < and Pm+i G R be such that J2 ^/Pj = 1 ^^t fj{x) > 0, j = 
1, 2, . . . m, m + 1. Note that < Pm+i < 1) since 

pi > 0, < - 1) < 1, 1/pi + - 1)M = 1. (2.12) 

by the Hoder's inequahty (2.2), we have 

rb T rb 



/ jni/.(x)i(dxr = I i/iwijni/,wi(& 

pi/(pi-i) >^ 

(2.13) 



1 fb \ / 1 pb I rn 



6 m 



r(i + a) 7„ I r(i + a) J a j-J-^ 

unless j^J^\h{x)r (dx)" = 0. 
Now since 

Pj{pi - l)/pi < Oforj = 2, . . . m,pm+i{pi - 1)M > (2.14) 

and as in (2.10), 

m+l 

Y,pi/Pj{pi-I) = l. (2.15) 

i=2 

by induction hypothesis and (2.13), we obtain 



r(i + fj^ 

m+l / 1 /-b \ 



J=2 



(2.16) 



r(i . - , , 

m+l / -I rb \ 1/P: 

jn(f(rT^/i/.wPw) 

unless Y'(i+a) la Ifji^W' i'^^T = some j = 1, 2 

3 Some related results 

To set the stage, we recall Minkowski inequality [15] 



. . .m. 



Theorem 3.1 .[15] Let f{x), g{x) > 0, p > 1 , then 

rb \ Vp 



1 



r(l + a) J a 



\f{x)+g{x)\P{dxr 



< 



r(i 



equalities holding if and only if f{x) = Xg{x), where X is a constant. 
Theorem 3.2 .Let f{x), g{x) > 0, < p < 1 , then 

\f{x) + g{x)\^{dxr 



r(i + «) J a 



> 



\ 1/P / 1 fb \ !/<? 



equalities holding if and only if f{x) = Xg{x), where X is a constant. 
Proof. Let M = ^ \f{x)\P (dx)", N = ^ \g{x)\'^ (dx)" and 



W 



r(i 



L_^/;i/(.)r(..r)"%(^/ 



\g{x)\^dx^" 



By Holder inequality, in view of < p < 1, we have 



(3.1) 



(3.2) 



W 



r(i + a) 7„ 



(|/(x)|^Mi/P-i + |5(a;)|^iVV^'-i)(da;)^ 



^WT^ A|/(x) + 3(x)r(MVP + iVi/P)i- 
r(i + a) J„ 



1 



(i/(x)+5(x)n(dx)". 



(3.3) 



r(i + «) ia 

By inequality (3.3), we arrive to reverse Minkowski's inequality and the theorem is completely 
proved. 

Theorem 3.3 Let fj{x)>Q,j = l,2,...m, 
(1) forp > 1, we have 

i/p 



1 



r(i + «) Ja 

(2) for Q <p <1 ,we have 



^E(f(rT^/j/(-)n^-r) • (3-4) 



r(i + «) Ja 



1/p 



(dx) 



/ 1 pb \ 1/P 

sE(r(rT^/i/wr(^)" 



(3.5) 



Proof. (1) it follows from theorem 2.1 that 



r(l + a) Ja 



+ ••• + 



\fmix)\ 



r(l + a) Ja 
p-1 



l/l(^)l 



r(i + a) 7„ 



{dxY 



1 



r(l + a) Ja 



q{p-l) \ 



i/p 



I 



1 



v 



r(i + «) A 



.7=1 



) 



1/p 



1 



r(i + a) A 



{dx) 



in (3.6), multiplying both sides by E fA^) 

(2) Similar to the proof of (3.2), we obtain (3.5). 



{dx}'^ I yields (3.4). 



Corollary 3.1 Let fj{x) > Oj = 1, 2, . . . m, 

(1) for p > 1, we have 

p 



1 



r(i + a) 7„ 

(2) for < p < 1, we have 



(dx 



1 



r(i + a) J, 



(dx) 



Theorem 3.4 Le^ /(x), g{x) >0,0<r<l<p, then 



r^j'jf{x) + 9{x)f{dxr 
r^j'jf{x) + g{x)ndxY 



l/(p-r) 



< 



'To^ la \f(^)r(dxY 



l/{p-r) 



r(i+a) 



equalities holding if and only if f(x) = Xg{x). 



+ 



'to^ la \9ix)fidxr 



1/ip-r) 



r(l+a) 
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Proof. By Theorem 2.1 and Theorem 3.1, We have 



1 



r(i + a) 



1 



\fix)+9{x)ndxrj 

1/p 



r(l + a) 



l/p\ P/{p-r) 



1/p 



1/p 



+ 



' !l\f{x)ndx) 

fa\f{x)ndx) 

' fM^)ndx) 

Jl\9{x)['{dx) 



1 



r(i + a)7a / 



r(i 



^ f\g{x)\\dxr 



1/p 



p/(p-r) 



(3.10) 



l/(p-r) 



+ 



l/(p-r)\ 



b ^ l/r\ -r/iP-r) 

\g{x)\\dxr 



Using reverse Minkowski inequahty impUes that 
<T^7tV^ t\f{x)+g{x)\'{dxr. 



r(i + «) 7„ 



h \ lA^ 

i9(x)r(dx)" 



(3.11) 



r(i + a) 7„ 

By (3.10) and (3.11), we get (3.9). Hence, the theorem is completely proved. 
Corollary 3.2 Let fj{x) > 0, < r < 1 < p ,j = 1,2, . . . m then 

l/(p-r) 



1 fb 

r(l+(>) .la 


m 

,y = i 


p 

(f/.x)" 


1 rb 
r(l+a) Ja 


m 

E /i(^) 
j=i 


J, 

((ix)° 



\ 



< 



j=i 



(3.12) 
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